ABSTRACT. We prove a technical estimate needed in our recent solution of the completeness question for the non-orthogonal Mexican hat wavelet system, in L p
Introduction
In our recent paper [1, §8] solving the Mexican hat wavelet completeness problem, we needed that ∆ * (Φ, Ψ) < 1, where we make the following definitions. Let (Note Ψ is the Fourier transform of the Mexican hat function ψ(x) = (1−x 2 )e −x 2 /2 .) Put
, and let 
Proof. We start by noting
by evenness of |A| and |B|
by (1). Next we claim the sets
and the left endpoint of this last interval dilates under multiplication by 2 to the right of the right endpoint, because 2(|l| − 1/3) ≥ |l| + 1/3; argue similarly for disjointness when l > 0. The disjointness ensures that
by evenness of |A| and |B| and estimate (1).
By putting the estimates (2) and (3) into the definition of ∆(A, B), we conclude that
The lemma now follows by splitting off the term with l = 1 and using that |B| is decreasing on [2/3, ∞).
Next we state some calculus facts about the function Ψ(ξ) = (2πξ) 2 exp(−2π 2 ξ 2 ).
Lemma 2. |Ψ| and |Ψ | are decreasing for ξ ∈ [2/3, ∞). (Hence Ψ and Ψ satisfy the hypotheses on "B" in Lemma 1.)
Now we estimate the three terms in ∆ * (Φ, Ψ).
Estimation of ∆(Φ, Ψ).
We have |κ| ≤ 1 and
so that (by using Lemma 3 and evaluating at ξ = 1/3)
Further, for l ≥ 2 we have
so that by a geometric series,
Combining (6) with the fact that
gives that
Substituting this last estimate and (5) into Lemma 1 shows that
Estimation of ∆(Θ, Ψ). By definition of Φ = κ/Ψ, we have
< (2π) −2 · 600.
Multiplying this last estimate by (6) shows
Using (4), (8) and Lemma 3 gives that
Substituting (9) and (10) into Lemma 1 shows that
Estimation of ∆(Γ, Ψ ). Recall the definition
we find for ξ < 1 that
Hence (by Lemma 3 and evaluating at ξ = 1/3)
Next, |Ψ (ξ)| ≤ (2π) 4 ξ 3 e −2π 2 ξ 2 , ξ ≥ 1. Hence for l ≥ 2,
4 l 3 e −2π 2 (l/2) 2 ≤ (2π) 4 3 3 e l−3 e −π 2 l , so that by a geometric series, 
